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Section A (31 marks)

1(a)

1(b)

G

Terr + = split into 2 fractions

2r + 1 with numerators A and E

A(2r + y + 8(2r - 1
=

(2r - y(2r + 1

=> A(2r + y + B(zr - y = 1

2Ar + A + 28r - 8 = 1

2A + 28 = 0 = > A + 8 = 0 => 8 = - A

solve for A - B =

A and8
A - (-A) = 1

=> 2A = 1 => A = E and B = -E

use values of A and 8

sorry - ter to write out partial fractions

G

We use method of difference here
,
using the partial

fractions found above.

so arti

--
all of these terms

T cancel out

Int
2(2n +1)

= -zeni=
hence=

r= ,(2r- y(2r + 1)
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2G

First we need to find the gradient function do

by chain rule
,
y = Garesinu Y =6 F

T

u = 2x v ' = 2 general result

from Formula
book

so t=F +2 = 4x2

We find the gradient of the curve by subbing it
into a

multiply by E
5

c

gradient====
(m = 8

,
n = 3)
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3(a)

Modulus =

Argument =

3(b)

G

TheModulus of a complex number z = a + 6i is given by

1z1 = 62

so 12.1 + (2) =2

The argument of z = a + 6i is given by argz = arctant
so argz ,

= Cretan (3) = arctan(-y) = -t
Z

, X
Im

By drawing a diagram ,

it is clear
- Re we must modify our argument by

adding T : argz ,
=- + i=

28

π
A

For the complex number's z
,

and Z2
,

1) =E and org (E) = argz , -orgzz

hence ()== use rules to find

arg (E) = in -+ = π 1) and ag (E)

so E = E (Cos + isin) write in form

z = r(coso + ising
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4G

The mean value of a function flo between x = a

and c = 6
,

as given in the formula book is

so mean valued
& modify into general form

=)e da

! use general result in

= /karctan ()] Formula Book

= +x(arctan (208]!
= (actan 2-arctan (2)

= 0 . 5535
...

= 0 . 554 (3sf)
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5(a)

5(b)

5(c)

G

Given in the formula book
,

the Maclaurin series for

(n(1 +x) = x - z + c +
...

(2x)2
Hence In(1 +2x) = 2x -- + --

2

(n(1 + 2x) = 2x - 2x
2

so In (1 + 20) = 2x - 2x2

G

Using the approximation above,

In(1 . 2) = 2(0 . ) - 2(0 . 12 = 0 . 18

approximation - real value

Percentage error =

real value
X 100

0. 18 - In 1 . 2
so error X 100 = -1 . 273

....

In 1 . 2

So 1 . 27 % error in In1 . 2

E

From theFormula book
,

In (1 + >2) is valid for - 1 [1

So the approximation in af is valid for - 1 e2xE

-2xz
x = 1 is used to find In3

.
Since I = 1 is not in

the interval
,

the series is not convergent so method is

not valid.
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6A

To find invariant lines
,

we solve m (5) = (i) .

so le 2) = (i = x + 2y =x

2x - Zy = y

So the point (0 ,
mad on y = mac is mapped to

(2, MxY on y = Mx
·

2x -Zy = Mx

2x - zy = m(x + zy) eliminate a and y
2x - 2(mx) = mx + zm(mx) from the

2x - 2mx = Mx + 2 mx first expression

2m=x + 3 Mx - 2x = 0

(2m2 + 3m -2)x = 0

(2m - 1)(m +2)x = 0

hence m = E
,

m = - 2

↑
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Section B (113 marks)

7A

Step one : base case

when n = =
,

LHS=
RHS = 4- = 4 - 3 = 1 : true for n = /

step two : assumption

Assume true for n = k
,
so -

Step three : inductive step

Using the assumed result for m = K
,

=
=4-

= 4 - ) - k - 1)
= 4 - (2k + 4 - k - 1)
= 4 - 2n(k + 3)
= 4- i true for n = k + 1

.

Step four : conclusion

If the result is true for n = K it is true
I

For n = K + 1
.
Since it is true for n = 1

I

it is true for all positive integer
values of n.
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8(a)G

Considering the sums of roots equations should help
find the roots.

we know that Ex = - (sum of roots)
hence a - x + B + + = -

B + + = 1

B2 - B + 1 = 0

1 -4x(x)
B=- =

2x1

and =
also ExBJS = (product of roots
Lence 2x - x x Bx + = L

- xz = - f
22 =
x =2 also - x = F

hence roots are
,

-Z
,

is

,
i

Note : look carefully at the equation to see which

sums of roots expressions to consider
.

eg. In this Q it would not make sense

to use EXB and EXB2 as we do not

*

Yet * know the values of p and q
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8(b)

p =

q =

G

We can now use EXB and ExB2 as we know

what the roots are

we know that E & B = = (sum of products of 2 roots

) + z() + z)) -z(
-z() + (1)(i) =

=> = - E
= p = - S

we also know that EXBT = -a (sum of product of

3 roots)

= -

=> - y = - E
q = 0

hence p = -S
,
q=

- S

&
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9(a)

9(b)(i)

9(b)(ii)

9(c)(i)

9(c)(ii)

1-1-2-3-4

1

0

2

3

4

-1

-2

-3

-4

2 3 4
x

y

C B

AO

G

(29))6 ! i
= (2 =19

c

So A = ( - 1
,

- 2)
8 = ( - 1

,

- y
8

-

x

c = (0
,
i)

X

Ar

G

det M = - 1(1) - 0(- 2) = - 1

E

The magnitude of det M is 1
,
the area scale factor

of an object is 1
.

So area is preserved.

det M20 So Orientation is reversed.

G

⑦ Reflection in the y-axis .

then

② shear
, y-axis fixed ,

with (-1 ,
0) mapped to (-1

,
-2)

.

G

I-g
⑧ X8-

IReflection : A =

*
*

A
Shear : o= g

The transformation Matrix that represents a

reflection the shear is BA
.

↑·a = (2) = (2) = Mas required
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10(a)

10(b)(i)

10(b)(ii)

G

nIm
Roots should form

B
-

an equilateral triangle
centred at the

origin.

A One vertex

- > Re is at (1 , 00
I as z = 1 is

the only real
root.

c

A

So z = 1 + Ei -> /I+il = = 2

any (1+ i) = arc an(=

Find modulus +3 = 2 = r=

and argument's by De Movie's
, arg (2) = =

any (E2) =
# + 2π

= any (z) = E =--

3

so roots are Bei
,

ise I eati
A

The root 1 is mapped to ei

so ② enlargement by 2

② rotation about origin by trads .

or 200
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10(b)(iii)

10(b)(iv)

A

z
,

+ 22 + zu = Eze- + e + Eei
This forms a geometric series

S

a = -
ti summed to n = 3.
r = e

I

· e-i(1 -(ei))
Soz

,
+ zz + zz =

1 - ei

=
Fe-Eti), - ei)

(* )
1 - ei

in mod-any form ,

ei = COS 25t + isin 25t

= 1 + i(q) = 1
.

hence as 1-1 = 0
,

the numerator of () is o

=> z ,
+ zz + zz = 0

A

Since Z
,

+ Ez + Zu = 0
,

the imaginary part
of the sum of the roots must de zero.

Hence

Im(e-*
+ e + e) = 0

Im ((cos(-eπ) + isin(-π))
+ (cos() + is in (E)
+ (cos(*) + isin()) = 0

· sin (-) + E sin () + sin(*) = 0

- sin(π) + sin () + sin() = 0

- Sin 1000 + Sin 20° + Sin 140 = 0

=>Sin200 + Sin 1400 = Sin 100

T
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11(a)(i)

11(a)(ii)

11(b)(i)

11(b)(ii)

G

-(2 = x( + 1( - 3( 2) = x + 0

hence - = = x + 8

G
-

= + = =
[Y 2 = =b ) - =( 2) + = /Y2)
k - 3 - 2 = 2)-2 + 6) - 1) -2x + 3) + 1(2x - 19

= 4i + (2x -3)1 + k(2x - 1
G

The angle between the planes is the angle between

the normals of the planes .

Recall that coso=
From ali ., v = = 2 + 8 = 10

So O = arcos↳= arcos(20
A

This distance is given in the FB as / -l
u = ( + x(i) and m = (2) +r(z)
1 , xdz = = x 1if x = 3

,

sod , xdz = (
19 , x2) = + 52 =Sa

.
- a2 = (

so distance
= (()) = (2 = (

= 2 units
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12

Im

B

A

ReO

C

A

5 D

①

Let <DOA = x and LAOC = B

Recall that the sum of two complex numbers

creates a parallelogram when plotted on

an org and diagram .

Hence the point C is represented by z + w.

so arg(z + w) = a + B

Since OC bisects the parallelogram,

LBOC = B

any z = < POA = &

anyw = 2008 = x + 2B

so argz + argw = 2 + (x + 2) = 24 + 2
= 2(x + B)

= 2arg(z + wi

hence 2ag(z + w) = argz + anyw
any (z + w) = (argz + argwy
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13R

First we need the complementary solution.

Auxiliary Equation : 13 + 2x-3 = 0

(x - 1)(x + 3) = 0

x = 1
,

x = - b

Since we have two real roots
,
y = Aex + Be-3 + p(x)

The particular integral would usually have the

form p( = Ke

However
,

as we already haveein the

compleratory solution
,

we need to multiply

through by 22.

So p(x = Koe

p-(2) = Koe + Ke

P"(> = Kae + Kex + Ke

= Kaze + 2ke
*

We now sol these into our Ot to find K.

Kaze" + 2ke + 2 (Kxze + Ke - 3 (Koes = ze"

Use + Ike + zkxe
*

+ Ike
*

- 3Kse =Ze

4ke = ze

4k = 2 => k =

Hence the general solution to the PE is

y = Aex + Be - bx
+ Exe
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14(a)R

we want to Maximise v.
.
This occurs when t = 0·

~ = a (cosa + 2sing)
dr
no

= a (-Sino + 2 cosof
dr

0 => a (-sino + zcos) = oo =

a 0
,

so - Sino + 2 coso = o

- tano + 2 = 0

tano = 2

& = acton 2 = 1 . 107 ...

= 1 . /I rad

Now we need the corresponding value of r.

n
75

O ↓

( I

of
a

M
2

tano = 2 -> Sinc = E
,

coso =

v5

Found
hence v = a ( + 2())

using pythagoras = a(
= au

Lance point furthest from pole is Cars ,
1 . 11)
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14(b)(i)

14(b)(ii)

A

We know ra = x + y
2

,

x = rcoso and y = rsino

so r = a (coso + 2 sing)
r = arcoso + zarsing

r = ax + zay
2 + y

=
= ax + zay

x2 - ax + y
=

- zay = 0

(x - z) + (y - a) = (2) + (a)

(x - q) + (y - a) = Gaz

This is an equation of a circle.

It's radius is Fat =

A

Centre = (
,

1 . 11)

Point Furthest The centre has the same
from pole

value of O as the

point furthest from the

pole .

The value of r= as this

is the radius of the circle.
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15

k =

l =

R

Let's write this in tabular form.

I
- 4

l
↳ M

The places will only form a sheaf if they do

not intersect at a unique point.

So det M = 0

det m = -4/1 - "12il + 112 i
=
- 4)- 2 - 15) - k(1 - 10) + 7(3 + 4)
= 68 + 2k + 48

= 117 + -k

so 117 + &k = 0

Ok = = 117

k = - 13

We now need to eliminate a variable
, say of,

and analyse the consistency of these equations.

Let #:
- 4x - 13y + 7z = 4

Mz : x - 2y + Sz = L

My : 2x + 3y - z = 2

#

*
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15

k =

l =

# + 2 ty : - (ec - By + 7z + 4x + 6y - 2z = 4 + 4
Continued

- Ty + 2z = 8

#3 - 2πz : 2 x +3y - z - 2x + Hy - 102 = 2 - 2)

Ty - z = z - 24

- Ty + +z = 2) - 2

For these planes to form a sheaf
,

these two

equations must be consistent.

Hence 21 - 2 = 8

21 = 10

L = S

so K = - 13 and L =

- 13

S
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16(a)

16(b)

(answer space continued on next page)

G

LHS :

Cosh zu =

22 + e
-zu

Jusing cosha = ece2

RHS : (21 + 2sinhiu = 1 +2terr
t

2Jusing sinuue= execute c as require

R

seing as part of involved hyperbolics
,

it is

very likely we need a hyperbolic substitution.

Look at the formula book
,

atat Form involves

Sinh x
.

Hence Let x = 1 sinhu

= 2 coshu => dx = zcoshu du

when x= 2, v = orsinh (2) = orsinh I

=In(1 +)
= in(1 + 1)

when x = 0, u = arsinh() = arsinho = 0

in (1 + E Casinhur
so we now have - xzcoshu duS

O
+(2sinhuf

In(1 + 2)
4 sinhu

=
- 2 coshu duS -4 + Usinhr

O

In (1 + (2)
Sinku coshu
- du= )

.

Misinhu
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16(b) (continued)
In (1 + 2)

= 4 ( cost de using
O - Coshr = It sink u

In (1 + E
= 4) Sinher Cond

O

in(1 + E

= 4)
O

sinker do

J using
part af

in(1 + 1)

= 4) (cosh zu - 1) de
⑧

In(1 +)

= 2So cosh2o -1 d

I using Scoshkr du

= 2 [sinhzu--J4(1
+ m

= Sinhku + c

O

= Sink (2In (He)) - Zin (1+/ using
- (sinno - of ↓ sinhu = (e-e

-y

= (e2in)1 + )
- e

- 2in 21 + vz)) -2in(1 + 1)

= ((em(+= - (eu( + (2))
-

2) -24(1 + 1) in(f(y)

Le
= E((1 + vz)u - (1 + (2)

-

2) - 2(n(1 + 2) = f(x)

(1 + 1) =

+ 2

=

5 2 x
2 Crationilising
3 - 28 denominatory

= E = 3 - 25

so integral = (3 + 2-13-22)) - 2in (1 + 1)
= I(4(2) -2in(1 + 1)
= 2 -21 (1 + 5) as required
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17(a)(i)

17(a)(ii)

G

When t =o
,

there is I litre of pure water.

a liters of chemical is added per minute
,

and

6 liters is taken out per Minute.

Hence total in vessel is 1 + at- bt

= 1 + (a - b)t

So proportion ishemical t

G

The rate of chemical in is a liters hour.

The rate of chemical out is brt lites/hour .

Since A is the rate of change of the

chemical in theMixture
,

=at

& = a
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17(b)(i)

17(b)(ii)

17(c)(i)

A

If 6 = a
,

the Ot is = a

& + ax = a

=> = all - x)

& via separation of

Sitc dx = Saat variable

- In/l -x) = at + C

when t = 0
,

a = 0
.

So - In(1) = a(d) + c

c = 0

hence - In/1-x) = at Write in required form
>

1 - x = e
- at

=> x = 1 - e-
at

A

at t = 1
,
total in container = 1 + a - a = 1.

So at t = 1
,

x = .

c = 1 - 2
- ali)

solve for a

e-a =
= G Crate of inflow
2

of chemicals
- a = in
- a = - In 2

a = 1n2 = 0 . 6931
...

= 0 . 693(3ef)
so rate of inflow is 0 . 693 liters/minute

E

at t =, the amount of mixture left is

1 + a (a) - 2a() = 0

Hence at t = there is no mixture left
,

so

after this the amount of mixture is negative So t.
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17(c)(ii)

(answer space continued on next page)

R

First we need to solve the Ot to find >

in terms of t

The Ot is now + = a

This is a linear first order Ot
,

so can be solved

using an integrating factor method.

Sat at 2Sat
at Stdx = In 1 f())

I(t) = 2 = C ↳ + C

= e
- 2(n)1 - att

= (1 - at)
-2 ↓ en(f(x)

=

f(x)

so multiplying through by ICE).

x I(t) : (1 -at + ( - at)
-x = a(l - at)

-z

(1 - at) d + 2ax(1 - at)
-

= a(l -at)-

The LHS is implicit product rule. U = x v = d
V = (1 - at)

-

-v = 2a)) - at)
- 3

so (x(1 -at)-2) = a(l - at)
- z

x(1 - at)
- z

= fall -at) -2 dt

↓ neceegnition
x (l - at)

- z
= (1 - at)

-
+ C

at t = 0
,

x = 0 : o(1 - a(q)
- 2

= (1 - a(o))
-

+ c

0 = 1 + C

c = - 1
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17(c)(ii) (continued)

Lance x(l-at)- = (l-at)" - 1

↓ (l-at) : x = 1 - at - (l-at)
x = 1 - at - (1 - 2at + a2tz)
x = at -at

To solve the question we need to find the

Maximum value of ac. . This occurs when
dx

= 0
.at

a = a - 2ta
2

a - ztaz = 0

=> zta2 = a

↓
t =

za

When t =
↓

x = a(a) - as (a) I subinto the
2a

,

=
- 4

= i

So the maximum amount of chemical is 0 . 25L.
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ADDITIONAL ANSWER SPACE

If additional space is required, you should use the following lined page(s). The question number(s) must 
be clearly shown in the margin(s).
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